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Finally, for supdUJ, IU2ll) < inf(r, r') we have
which proves (8.9.1.1); the continuity of D/ follows from the fact that
(8.9.1.1) can be written D/== d!/° prt + D2/° pr2 and from (5.7.5).
Theorem (8.9.1) can be immediately generalized to a product of n Banach
spaces by induction on n; if we combine that result with (8.2.1), we obtain
(8.9.2)   Let f be a continuously differentiable mapping of an open subset
n
A of E = Y[ Ej into F, and, for each i, let g{ be a continuously differenti-
al
able mapping of an open subset B of a Banach space G into Ef, such
that (gi(z), . . . , gn(z)) e A for each z e B. Then the composed mapping
h = fo (0l9 . . . , g^ is continuously differentiable in B, and we have
k-l
PROBLEMS
 1.	Let E, F be two Banach spaces,/a continuous mapping of an open subset A of E into F.
Suppose that for each x e A, there is an element u(x) e &(E; F) such that, for every
vector y e E, the limit of (f(x + ty) —f(x))/t when t ^ 0 tends to 0 in R, exists and is
equal to u(x) * j. Suppose in addition that x ~> u(x) is a continuous mapping of A into
&(E; F). Show that / is then continuously differentiable in A and that u(x) = d/(jc) for
every x e A. (Apply the mean value theorem to the function t -*f(x + ty) for t e [0,1].)
 2.	Let E be the space (c0) of Banach (Section 5.3, Problem 5); let F be the complex Banach
space (c0) + i(co), consisting of all sequences z = (£„)«£(> of complex numbers such that
lim £„ = (), with the norm l|z|| = $up|fn|. We denote by F0 the real Banach space
n-*oo	n
underlying F (Section 5.1). Let I <= R be an open interval containing 0, and for each
integer n^O, let fn be a continuous mapping of I into C such that the condition
lim /„ == 0 implies lirn /„(/„) = 0; this defines a mapping /: (£,) -> (/„(£„)) of E into F0.
/I-+QO	R-tOO
(a) Suppose / is continuous in a neighborhood of 0. In order that / be quasi-differen-
tiable at the point 0 (Section 8.4, Problem 4), it is necessary and sufficient that for
each n the derivative /n'(0) exist and that there exist two numbers A > 0 and 8 > 0 such
that the relation |f | ^ 8 implies |/n(0 — /,(0)| < A|/| for every n; this implies that
sup|/n'(0)|<+oo.
(b) In order that / be differentiable at 0, it is necessary and sufficient that for every
e > 0, there is a 8 > 0 such .that the relation |/| =s$ 8 implies !/„(/)—/„(()) -/n'(0)r| ^ e |/|
for every n.

